Abstract. We obtain six-terms exact sequences for E-theory and KK-theory which involve discrete asymptotic homomorphisms, and generalize the extension of groups from the UCT theorem.
Introduction
In this paper we show how the homotopy classes of discrete asymptotic homomorphisms ϕ = (ϕ n ) n∈N : SA → S 2 B ⊗ K can be organized to become a bivariant functor D(A, B) with many of the same properties as the E-theory of Connes and Higson. Furthermore, we show that this bi-functor is related to E-theory via two six-terms exact sequences of the form The map σ is the automorphism induced by the shift :
By restricting all considerations to asymptotic homomorphisms where the individual maps are completely positive linear contractions we get similar exact sequences involving KK-theory, and we show how an appropriate unsplicing of the resulting six-terms exact sequence reduces to the extension of groups from the UCT theorem in the form it has been given by Dadarlat and Loring in [DL1] .
Because E-theory and KK-theory both have equivariant versions which are used in connection with the Novikov conjecture and the Baum-Connes conjecture we have taken the trouble to develop the equivariant theory and obtain the six-terms exact sequences in that setting.
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Basics
In the following G will be a fixed locally compact topological group. A C * -algebra with a pointwise normcontinuous action of G by automorphisms will be called a Galgebra. Let A and B be G-algebras. Note that we do not require any continuity of ϕ t on A, so in order to be able to work with asymptotic homomorphisms we need the following property. A proof can be found in [S] . Most of the asymptotic homomorphisms ϕ = {ϕ t } we shall work with will have the following additional properties :
For all a ∈ A and all > 0 there is a neighbourhood U of e such that sup t∈ [0,∞) g · ϕ t (a) − ϕ t (a) ≤ , g ∈ U .
(2.6)
For all a ∈ A and all > 0 there is a δ > 0 such that
An asymptotic homomorphism is called equicontinuous when (2.6) and (2.7)hold. is continuous for all j ∈ J and G g → γ g (b) is continuous for all b ∈ B. Assume that i and p are G-equivariant, i.e. that i • α g = β g • i and γ g • p = p • β g for all g ∈ G. It follows that G g → β g (e) is continuous for all e ∈ E.
This result was obtained in [T1] in the case where G is σ-compact and the C * -algebras separable. We will have to restrict our considerations to such cases below (in order to define the composition products), so for all our results Theorem 2.1 of [T1] will suffice. However, Larry Brown has obtained the general result in [Br] . In fact, Brown proves a result which is much more general than Theorem 2.5 and deals with Banach spaces.
We can now give the proof of Proposition 2.4 : Let C b 
in the obvious way :
This action is generally not continuous, but its restriction to SB is. β defines a representation γ of G as automorphisms of C b ([0, ∞), B)/SB in the obvious way, i.e. such that
By conditions (2.1) -(2.4) in Definition 2.1 we have that p • ψ is a * -homomorphism and hence in particular continuous. By condition (2.5) of Definition 2.1 we have that ψ is G-equivariant with respect to γ, and it follows that γ restricts to a continuous representation of G as automorphisms of ψ(A). Then Theorem 2.5 implies that β is continuous on p −1 (ψ(A)). By the Bartle-Graves selection theorem we can find a continuous section s : ψ(A) → p −1 (ψ(A)) for the restriction of p to p −1 (ψ(A)). Set ϕ t (a) = s • ψ(a)(t), a ∈ A, t ∈ [0, ∞). Then ϕ is an equicontinuous asymptotic homomorphism such that lim t→∞ ϕ t (a) − ϕ t (a) = 0 for all a ∈ A. In particular, ϕ is sequentially trivial when ϕ is.
When X is a locally compact second countable Hausdorff space, we consider C 0 (X) ⊗ B as a G-algebra with the action
The equivariant homomorphism C 0 (X) ⊗ B → B given by evaluation at x ∈ X will be denoted by π x . The special cases X = (0, ∞) and X = [0, 1] will be used so often that a special notation is convenient. We shall denote the C * -algebras C 0 (0, ∞) and C[0, 1] by S and I, respectively, and set
Two (sequentially trivial) asymptotic homomorphisms ϕ, ψ : A → B are homotopic when there is a (sequentially trivial) asymptotic homomorphism Φ = {Φ t } :
. This is an equivalence relation, and we denote the set of homotopy classes of asymptotic homomorphisms by [[A, B] ], and the set of homotopy classes of sequentially trivial asymptotic homomorphisms by [[A, B] ] 0 .
When dealing with asymptotic homomorphisms which are equicontinuous it is natural to impose the condition of equicontinuity on the homotopies also. Thus two (sequentially trivial) asymptotic equivariant homomorphisms ϕ, ψ : A → B are homotopic when there is a (sequentially trivial) equicontinuous asymptotic equivariant 
Products and pairings
We are now going to define the composition product of (sequentially trivial) asymptotic homomorphisms, and a pairing between asymptotic homomorphisms and sequentially trivial asymptotic homomorphisms. For this purpose we need to restrict our considerations to separable G-algebras and need to assume that G is σ-compact. These restrictions will be in force in the rest of the paper.
Note that when ϕ = {ϕ t } : A → B is an equicontinuous asymptotic homomorphim and r : [0, ∞) → [0, ∞) is a parametrization, then ϕ r(·) is an equicontinuous asymptotic homomorphism which is homotopic to ϕ. But of course not necessarily sequentially trivial even when ϕ is. This is the main reason that we have to take additional care in the construction of the composition product for sequentially trivial asymptotic homomorphisms.
Definition 3.2. Let A, B and C be G-algebras, and let ϕ = {ϕ t } t∈[0,∞) : A → B and ψ = {ψ t } t∈[0,∞) : B → C be equicontinuous asymptotic homomorphisms. A composition pair for ψ and ϕ is a dense subset X ⊆ A which is the union of a sequence of compact subsets containing 0 and a parametrization r :
for all a, b ∈ X, λ ∈ C, and for every compact subset K ⊆ G, every pair a, b ∈ X and every > 0 there is a t 0 ∈ [0, ∞) such that
for all g, h ∈ K when t ≥ t 0 .
Note that if (X, r) is a composition pair for ϕ and ψ, then so is (X, r ) for any parametrization r such that r ≥ r.
Proposition 3.3. Let A, B and C be G-algebras. Let ϕ = {ϕ t } t∈[0,∞) : A → B and ψ = {ψ t } t∈[0,∞) : B → C be equicontinuous asymptotic homomorphisms, and let X ⊆ A be a dense subset which is the union of a countable family of compact sets containing 0. There is then a parametrization r : [0, ∞) → [0, ∞) such that (X, r) is a composition pair for ψ and ϕ.
Proof. This follows straightforwardly by using the separability of the C * -algebras, the σ-compactness of the group and the equicontinuity of the asymptotic homomorphisms. 
with the following properties : a) (Definition) : When ϕ : A → B and ψ : B → C are equicontinuos asymptotic homomorphisms, and (X, r) is a composition pair for ψ and ϕ, then
where λ : A → C is any equicontinuous asymptotic homomorphism such that
Proof. The proof of this is basically the same as in the case dealt with by Connes and Higson in [CH] . Since all the details can be read out of the following proofs just by ignoring all references to sequential triviality we shall omit them here.
Lemma 3.5. Let ϕ : A → B, ψ : B → C be equicontinuous asymptotic homomorphisms. Assume that ϕ is sequentially trivial. Let (X, r) be a composition pair for ψ and ϕ. a) For any parametrization s ≥ r there is a sequentially trivial equicontinuous asymptotic homomorphism λ s : A → C such that
s is unique up to asymptotic equality. b) When s 1 , s 2 are parametrizations such that s i ≥ r, i = 1, 2, the two sequentially trivial asymptotic homomorphisms λ s 1 and λ s 2 are homotopic.
Proof. a) : Since 0 ∈ X, it follows from conditions (3.2) and (3.4) of Definition 3.2 that lim sup
In the notation from the proof of Proposition 2.4 this shows that every element x ∈ X defines an element
/SC, and conditions (3.1) -(3.3) of Definition 3.2 ensure that Λ is a * -homomorphism, and Λ is G-equivariant by condition (3.4). By the BartleGraves selection theorem there is a continuous right inverse s for q and we set λ s t (a) = s • Λ(a)(t), t ∈ [0, ∞). It is clear that this proves the existence of an equicontinuous asymptotic homomorphism λ s :
Since ψ is equicontinuous and ϕ sequentially trivial, it follows that lim n→∞ λ s n (a) = 0 for all a ∈ X. By equicontinuity of λ s this must then hold for all a ∈ A, i.e. λ s is sequentially trivial. The uniqueness up to asymptotic equality follows from equicontinuity and the density of X.
b) It suffices to show that λ s is homotopic to λ r for every parametrisation s ≥ r. To this end note that we may define, for each t
= 0 for all a ∈ X, and for every compact subset K ⊂ G, every a, b ∈ X and every > 0 there is a t 0 ∈ [0, ∞) such that
for all g, h ∈ K when t ≥ t 0 . Hence, as in the first part of the proof, we obtain an equicontinuous asymptotic homomorphism Φ :
for all x ∈ X. Since ϕ is sequentially trivial and ψ equicontinuous we have automatically that Φ is sequentially trivial. Thus Φ defines a homotopy between a sequentially trivial asymptotic homomorphism which is asymptotically equal to λ s and one which is asymptotically equal to λ r . It follows that λ r and λ s are homotopic as sequentially trivial asymptotic homomorphisms.
Theorem 3.6. There is a map
with the following properties : a) (Definition) : When ϕ : A → B and ψ : B → C are equicontinuous asymptotic homomorphisms, ϕ is sequentially trivial and (X, r) is a composition pair for ψ and ϕ, then
where λ : A → C is any equicontinuous asymptotic homomorphism such that C] ]. Let (X 1 , r 1 ) be a composition pair for ψ and ϕ, and (X 2 , r 2 ) a composition pair for ψ and ϕ . Let s 1 ≥ r 1 , s 2 ≥ r 2 be parametrizations. Assume that λ 1 , λ 2 : A → C are equicontinuous sequentially trivial asymptotic homomorphisms such that
We must show that λ 1 and λ 2 are homotopic. Let Φ : A → C[0, 1] ⊗ B be a sequentially trivial equicontinuous asymptotic homomorphism such that π 0 • Φ = ϕ and
By Proposition 3.3 there is a composition pair (Y, v) for Ψ and Φ and a composition pair (Y, v 1 ) for Ψ 1 and ϕ such that v ≥ s 1 and v 1 ≥ s 2 . By Lemma 3.5, applied to Φ and Ψ, this gives us, for every parametrization w ≥ v ∨ v 1 , an equicontinuous sequentially trivial asymptotic homomorphism, λ 3 : A → C, which is homotopic to λ 1 and satisfies that lim t→∞ [λ Similarly, by applying Lemma 3.5 to Ψ 1 and ϕ , we get an equicontinuous sequentially trivial asymptotic homomorphism, λ 4 : A → C which is homotopic to λ 2 and satisfies that lim
3 and λ 4 are asymptotically equal and hence homotopic.
Let (X, r) be a composition pair for ψ and ϕ, and µ : A → C an equicontinuous sequentially trivial asymptotic homomorphism such that lim t→∞ µ t (x) − ψ r(t) • ϕ t (x) = 0, x ∈ X. Let (X, w) be a composition pair for λ and µ which satisfies several additional properties which we now describe. By choosing w to be sufficiently rapidly increasing we can ensure that
for all a, b ∈ X, z ∈ C, and for every compact subset C ⊂ G, any pair a, b ∈ X and any > 0 there is a t 0 ∈ [0, ∞) such that
for all g ∈ C when t ≥ t 0 . Let us show how to meet the last condition. Write G = n G n where each G n is open with G n compact, and X = n K n where each K n is a compact subset of A. Both sequences are chosen so that they are increasing. For each n there is a t n such that
This follows from condition (3.4) of Definition 3.2. We may assume that t n < t n+1 for all n and that lim n→∞ t n = ∞. By equicontinuity and compactness we can find s n ∈ [0, ∞) such that
and
We may assume that s n < s n+1 for all n and that lim n→∞ s n = ∞. Let v : [0, ∞) → [0, ∞) be an increasing parametrization with v(t n ) = s n . Let w be any parametrisation w ≥ v, and consider
for all a, b ∈ K n , g, h ∈ G n . This shows that the last condition holds for all parametrizations w which are sufficiently large. The first conditions are met via similar, but slightly simpler arguments. Since lim t→∞ µ t (x)−ψ r(t) •ϕ t (x) = 0, x ∈ X, we can make w increase so rapidly that lim
Finally, let Y be a dense subset of B which is a countable union of compact sets containing 0 such that t ϕ t (X) ⊆ Y . We take w such that (Y, w) is a composition pair for λ and ψ r(·) , in addition to all the other requirements.
where β : A → D is an equicontinuous sequentially trivial asymptotic homomorphism such that
Let ν : B → D be an equicontinuous asymptotic homomorphism such that
Let (X, s) be a composition pair for ν and ϕ such that s(t) ≥ t for all t ∈ [0, ∞). By using that t ϕ t (X) ⊆ Y , we can choose the parametrization s :
Thanks to the special properties of w we can construct homotopic equicontinuous asymptotic homomorphisms, 
for all x ∈ X. Φ exists by the requirements we put on w. Note that the equicontinuity of λ, ψ and Φ, combined with the sequential triviality of ϕ, implies that Φ must be sequentially trivial. Since β and λ 0 are asymptotically equal we conclude 
with the following properties : a) (Definition) : When ϕ : A → B and ψ : B → C are sequentially trivial asymptotic homomorphisms, and (X, r) is a composition pair for ψ and ϕ, then
where λ : A → C is any sequentially trivial equicontinuous asymptotic homomorphism such that
To By using that ψ is sequentially trivial one sees that invertible composition pairs always exist. The crucial point about this notion is that when (X, r) is an invertible composition pair, then lim
for all a ∈ X and all invertible parametrizations s ≥ r.
Theorem 3.9. There is a map
with the following properties : a) (Definition) : When ϕ : A → B and ψ : B → C are equicontinuous asymptotic homomorphisms, with ψ sequentially trivial, and (X, r) is an invertible composition pair for ψ and ϕ, then
for some invertible parametrization s ≥ r. b) (Asssociativity) :
Proof. The proof is much the same as the proof of Theorem 3.6, but the neccesary changes are impossible to describe without given the details. a) Let ϕ : A → B, ψ : B → C be equicontinuous asymptotic homomorphisms such that C] ] 0 , respectively. Let (X 1 , r 1 ) be an invertible composition pair for ψ and ϕ, and (X 2 , r 2 ) an invertible composition pair for ψ and ϕ . Let s 1 ≥ r 1 , s 2 ≥ r 2 be invertible parametrizations. Assume that λ 1 , λ 2 : A → C are equicontinuous sequentially trivial asymptotic homomorphisms such that
We must show that λ 1 and ϕ such that v ≥ s 1 and v 1 ≥ s 2 . By Lemma 3.5, applied to Φ and Ψ, this gives us, for every invertible parametrization w ≥ v ∨ v 1 , an equicontinuous sequentially trivial asymptotic homomorphism, λ 3 : A → C, which is homotopic to λ 1 and satisfies that
Similarly, by applying Lemma 3.5 to Ψ 1 and ϕ , we get an equicontinuous sequentially trivial asymptotic homomorphism, λ 4 : A → C which is homotopic to λ 2 and satisfies that lim Let (X, r) be a composition pair for ψ and ϕ, and µ : A → C an equicontinuous asymptotic homomorphism such that lim t→∞ µ t (x) − ψ r(t) • ϕ t (x) = 0, x ∈ X. Let (X, w) be an invertible composition pair for λ and µ. By choosing w to be sufficiently rapidly increasing we can ensure that (3.5)-(3.8) hold, and also that
The first four properties are obtained in the same way as in the proof of Theorem 3.6, and the last can be obtained in a straightforward way by using the sequential triviality of λ.
Since lim t→∞ µ t (x)−ψ r(t) •ϕ t (x) = 0, x ∈ X, we can make w increase so rapidly that lim
Finally, let Y be a dense subset of B which is a countable union of compact sets containing 0 such that t ϕ t (X) ⊆ Y . We take w such that (Y, w) is an invertible composition pair for λ and ψ r(·) , in addition to all the other requirements.
Let ν : B → D be a sequentially trivial equicontinuous asymptotic homomorphism such that lim
Let (X, s) be an invertible composition pair for ν and ϕ. By using that t ϕ t (X) ⊆ Y , we can choose the parametrization s : [0, ∞) → [0, ∞) such that s(t) ≥ w(t) for all t, and
for all x ∈ X because of (3.9), since s ≥ w implies that
for all n, α. Thus Φ is sequentially trivial. Since β and λ 0 are asymptotically equal we conclude that
Any equivariant * -homomorphism ϕ : A → B between G-algebras, A and B, can be considered as an asymptotic homomorphism and defines an element 
Excision and Bott-periodicity.
In this section we describe how the pairings of Theorem 3.6 and Theorem 3.9 can be used to prove a series of fundamental properties of [[A, B] ] 0 . The methods are basically those developed in [CH] , [C] , [D] and [GHT] and they all build on the Bott-periodicity theorem of Cuntz, [Cu] . In particular, the corresponding results involving [[A, B] ] instead of [[A, B] ] 0 are all contained in [GHT] . Accordingly what we offer in this section is to a large extend merely a reading guide which shows how the known arguments can be adopted to deal with sequentially trivial asymptotic homomorphisms.
An extension
of C * -algebras, where A, B and J are G-algebras, is said to be an extension of G-algebras when j and p are G-equivariant.
By using Lemma 1.4 of [K1] the Connes-Higson construction from [CH] can be used to obtain an asymptotic homomorphism SB → J from a given extension of G-algebras of the form (4.1), cf. Proposition 5.5 in [GHT] .
is a functor from G-algebras to groups which is half-exact with respect to extensions of G-algebras.
Proof. Consider the G-extension (4.1), and let
be the mapping cone of p, and let α : C p → A be the projection. Then
is exact (as pointed sets). Indeed, if ϕ : D → A is a sequentially trivial asymptotic homomorphism such that p * [ϕ] = 0, there is a sequentially trivial asymptotic homomorphism Φ :
Note that Φ is a sequentially trivial asymptotic homomorphism Φ : D → CB = {f ∈ IB : f (0) = 0} and that
defines a sequentially trivial asymptotic homomorphism ψ :
-By applying (4.2) to the suspension of (4.1) we conclude that
is exact. By Proposition 5.14 of [GHT] SC p is equivalent to SJ in the category of homotopy classes of asymptotic homomorphisms. Therefore the pairing from Theorem 3.6 allows us to replace SC p with SJ in (4.3).
We now stabilize the functor. So let K denote the compact operators on an infinite-dimensional separable Hilbertspace. For any G-algebra A we consider A ⊗ K as a G-algebra with the given G-action on A tensored with the trivial action on K.
. Then D is a bivariant functor from the category of G-algebras to the category of abelian groups. Since we consider K as a trivial G-algebra the standard proof shows that there is natural isomorphism
More importantly, we also have Bott-periodicity in the form known from KK-theory and E-theory. Furthermore, the suspension map S :
Proof. By Proposition 6.16 of [GHT] , S 3 and SK are equivalent in the category of homotopy classes of asymptotic homomorphisms. Hence the two isomorphisms,
, are obtained by using Theorem 3.6 and Theorem 3.9, respectively. The fact that the suspension map is an isomorphism follows in the same way as in Propositions 6.16 and 6.17 of [GHT] .
. As in the case of D we can remove K on the left, i.e. we have a natural isomorphism
While D is a new bivariant functor, E is only a slight generalization of the equivariant E-theory, denoted by E G , of Guentner, Higson and Trout, [GHT] . To explain the relation, consider the Hilbert space
The direct sum of copies of the regular representation makes the C * -algebra of compact operators on H G into a G-algebra which we denote by K G . Then
The six-terms exact sequence
Definition 5.1. A discrete asymptotic homomorphism ϕ = (ϕ n ) n∈N : A → B is a sequence of maps ϕ n : A → B , n ∈ N, such that
Definition 5.2. Two discrete asymptotic homomorphisms, ϕ = (ϕ n ) n∈N : A → B and ψ = (ψ n ) n∈N are homotopic when there is a discrete asymptotic homomorphism
The set of homotopy classes of discrete asymptotic homomorphisms from A to B will be denoted by
] N is an abelian group, and [[A, SB] ] N is abelian when B is stable.
In order to relate discrete asymptotic homomorphisms to sequentially trivial asymptotic homomorphisms, we need the following lemma.
Lemma 5.3. Let ϕ : A → B be a sequentially trivial asymptotic homomorphism. There is then a sequence {δ n } in ]0, 1[ and a sequentially trivial asymptotic homomorphism ψ :
Proof. By Proposition 2.4 we may assume that ϕ is equicontinuous. Let a 1 , a 2 , a 3 , · · · , be a dense sequence in A. For each n ∈ N, choose δ n ∈]0, 1[ such that
. Then lim t→∞ ψ t (a) − ϕ t (a) = 0 for all a ∈ {a 1 , a 2 , a 3 , · · · }, and by equicontinuity the same is true for all a ∈ A.
It is straightforward to check that α(ϕ) = (α(ϕ) t ) t∈[0,∞) is a sequentially trivial asymptotic homomorphism.
Proof. It is easy to see that the map is well-defined. Let ϕ : A → B be a sequentially trivial asymptotic homomorphism. By Lemma 5. B] ] 0 is also represented by a sequentially trivial asymptotic homomorphism ψ which satisfies that ψ n = 0 for all n ∈ N. Define, for each n ∈ N, λ n : A → SB by
Then λ is a discrete asymptotic homomorphism such that α(λ) = ψ. This proves the surjectivity of α. To prove the injectivity, let ϕ, ψ : A → SB be discrete asymptotic homomorphisms, and let Φ : A → IB be a sequentially trivial asymptotic
. By Lemma 5.3 and the preceding argument we can find a discrete asymptotic homomorphism Ψ : A → ISB such that
It follows that lim n→∞ π 0 • Ψ n (a) − ψ n (a) = 0 and lim n→∞ π 1 • Ψ n (a) − ϕ n (a) = 0 for all a ∈ A. Thus ϕ and ψ are homotopic to π 1 • Ψ and π 0 • Ψ, respectively, and hence also to each other. 
Although κ λ is not continuous when λ = 1, we can, thanks to (5.5), define an asymptotic homomorphism Φ : A → IB by
Conversely, let ϕ = (ϕ n ) n∈N be a discrete asymptotic homomorphism such that c 0 [ϕ] = 0. This means that there is an asymptotic homomorphism Φ :
Since Φ is an asymptotic homomorphism we see that ψ = (ψ n ) n∈N is a discrete asymptotic homomorphism. We claim that
. To see this, choose continuous maps
such that the following hold:
Then Ψ = (Ψ n ) n∈N is a discrete asymptotic homomorphism giving us a homotopy between ϕ : A → SB and a discrete asymptotic homomorphism λ = (λ n ) n∈N : When ϕ = (ϕ t ) t∈[0,∞) : A → B is an asymptotic homomorphism we let ϕ| N denote the discrete asymptotic homomorphism (ϕ n ) n∈N . We can then define a map
Lemma 5.6. The sequence
is an exact sequence of pointed sets.
For each a ∈ A we define a continuous function Ψ n (a) : ∆ n → B by 
Proof. By Lemma 5.5 and Lemma 5.6 it suffices to prove exactness at E(A, B). But this follows from Lemma 5.6 and the trivial observation that the diagram
It is clear that there is also a dual version of the six-terms exact sequence of Theorem 5.7 . All one has to do is to use suspension and Bott-periodicity (in the second variable) to translate the sequence of Theorem 5.7 to another where it is the first variable which becomes suspended and de-suspended. To describe how the maps are changed, let ϕ = (ϕ n ) n∈N : A → B be a discrete asymptotic homomorphism. Define an asymptotic homomorphism c (ϕ) : SA → B by c (ϕ) t (f ) = ϕ n (f (t − n)) , t ∈ [n, n + 1] . The first diagram is seen to commute by checking on a simple tensor g ⊗ a, g ∈ S, a ∈ A. As for the last diagram, it suffices to remember that the Bott-isomorphism
is induced by a genuine (equivariant) * -homomorphism SB ⊗ K → S 3 B ⊗ K. -With the commmutativity of these two diagrams established, the rest is merely a little diagram chasing which we leave to the reader. have the Connnes-Higson construction available, we need to stabilize and saturate the G-algebras by tensoring with the G-algebra K G which was introduced at the end of Section 4 to compare E and E G . By tensoring all G-algebras by K G , we come in a situation where the Connes-Higson construction out of an extension of G-algebras with a completely positive contractive and equivariant section for the quotient map produces an asymptotic homomorphism which is not only completely positive, but also equivariant, cf. Lemma 3.3 and Lemma 4.4 of [T2] . As a result we find that
cf. Theorem 4.9 of [T2] . In this way the six-terms exact sequences of Theorem 5.7 and Theorem 5.8 turn into the following two, where
Theorem 6.1. The following two sequences are exact.
